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Bifurcation from stability to instability
for a free boundary problem
arising in a tumor model, |

AVNER FRIEDMAN*, BEI HU**

1. Introduction

Mathematical models of tumor growth, which consider the tumor tissue
as a density of proliferating cells, have been developed and studied in many
papers; see [2,3,5-9,14,17-20] and the references given there. Most of the
models discuss the case of radially symmetric tumors. Since tumors grown
in vitro have a nearly spherical shape, it is important to determine whether
radially symmetric tumors are asymptotically stable.

Let £2(t) denote the tumor domain at time ¢, and p the pressure within
the tumor resulting from the proliferation of the tumor cells. The density
of the cells, ¢, depends on the concentration of nutrients, o, and, assuming
that this dependence is linear, we simply identify ¢ with o. We also assume
a linear dependence of the proliferation rate S on o:

S =ploc—0) (¢ >0)

where o is a threshold concentration and pu is a parameter expressing the
“intensity” of the expansion by mitosis (if o > &) or shrinkage by apoptosis
(if 0 < ) within the tumor. The function o satisfies the diffusion equation:

or—Aoc+o0=0 in (). (1.1)

The pressure p is related to the velocity V of the concentration o, and, as-
suming Darcy’s law in the tissue, we have V' = —Vp. Since, by conservation
of mass, divV = S, we obtain for the pressure p the equation

Ap = —p(o—o) in 02(t). (1.2)
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As in the papers cited above, o and p satisfy the boundary conditions:

o=1 on d92(t) (1>0), (1.3)
p=+r on dN¢)

where k is the mean curvature (x > 0 if £2(¢) is a ball). Furthermore,

0]

v, = fé on 90(t) (1.5)
where n is the outward normal and V,, is the velocity of the free boundary
012(t) in the direction n.

We finally prescribe initial conditions:

o =o0¢ in £2(0), where £2(0) is given. (1.6)
=0
It was proved in [14] (under the preceding assumption that 0 < o < 1)
that there exists a unique radially symmetric stationary solution to (1.1)—
(1.5), and it is given by

inh
fis SO ) = C—postr) + Ear? (L)

GS(T):sinhRs r 6

where C' = 1/R+p—puoR?/6 and Ry is uniquely determined by the equation

. (1.8)

w| W

1
ﬁ(RS coth RS’ — 1) =
S

In [5] it was proved that if u is sufficiently small, say p < T, then
the stationary solution is asymptotically stable with respect to any small
perturbation. By this we mean that if the initial conditions are of the form

002(0) : r = Rgs +epo(0, ),

1.

g 0 = US(T) + 8’(1)0(7‘, Ga (p) ( 9)
where py and wg are bounded functions, then, for any € with |e| sufficiently
small, there exists a unique solution of (1.1)—(1.6) for all ¢ > 0, and, as
t — 00,

082(t) — sphere, say | —a| = Rg (1.10)

where a = O(e) (In fact, the convergence was proved to be exponentially
fast). The goal of the present work is to determine the maximal interval
0 < p < ps for which this asymptotic stability is valid.

Tt was proved in [12] that there exists a sequence of symmetry-breaking
branches of stationary solutions of (1.1)—(1.5) bifurcating from an increasing
sequence p = iy, = pn(Rg) (n=2,3,4,-) with free boundary

7= Rs + €Y, 0(0) + O(e?)
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where Y}, ¢ is the spherical harmonic of order (n,0). (In the 2-d case this was
proved earlier in [15]). The i, are expressed in terms of the Bessel functions
Im’

fin = pin(Rs)
_ n[n(n +1) — 2|11 »(Rs) (1.11)

 2R¥I35(Rs)[Is/2(Rs)/Is2(Rs) — Inis2(Rs)/Iny12(Rs)]

and p,(Rs) < pint1(Rs). It follows that the stability result (1.10) cannot
hold for p = p2(Rs).

In order to tackle the asymptotic stability we shall first consider the
linear stability of the radially symmetric stationary solution. This means
the following: we substitute

O'(T7 97 P, t) =0s (T) + SUJ(T, 07 P t)
p(’l“, 67 2 t) =Ps (T) + 6(](7‘, 9’ 2 t)
002(t): r=Rgs +ep(0,p,t)

into (1.1)—(1.5) and collect the e-order terms. We obtain a linear system
called the linearization of (1.1)—(1.5) about the stationary solution. It con-
sists of two linear partial differential equations for w, ¢ and one ordinary
differential equation for p, with the initial conditions as in (1.9), namely,

p(97 2 0) = p0(07 SD)?
UJ(T, 97 @, O) = U}O(T’, 9) QD)

Because the original problem is invariant under translation of the origin,
if we want to keep the origin fixed, we need to impose some constraints on
the initial perturbations. For the linearized problem these constraints are
automatically satisfied if

po(0, ) and wy(r,0, ) do not contain sphereical har-

monics of order (1,m), m = —1,0,1. (1.12)

For the purpose of dealing with the nonlinear stability, it is advantageous
not to make any a priori restrictions on pg, wg. But then we can only speak
of stability in the sense that

1
p(0,0,t) = Y amYim =0 t— o0, (1.13)

m=—1

where the a,, are constants; the a,, vanish if (1.12) is satisfied.

The stationary solution is said to be linearly stable if the solution of
the linearized problem satisfies (1.13) as ¢ — oo; the stationary solution is
said to be linearly unstable if for at least one set of initial data po(6, ),

wo(r, 0, @),

diam(942(t)) — oo for a sequence t = t,, | co.
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In this paper we prove that

there exists a function p. = pu.(Rg) such that the station-
ary solution is linearly stable if u < p.(Rs), and linearly (1.14)
unstable if > p.(Rg).

One might expect, as in other bifurcation problems for free boundary
problems [13], p.(Rgs) to coincide with the first bifurcation point pa(Rs).
Interestingly enough, this is not always the case. In fact we shall prove that

there exists a positive number R* such that 1. (Rg) < u2(Rs)

if Rs < R* and p«(Rgs) = p2(Rg) if Rs > R*; (1.15)

R* is approximately 0.1588.

What happens here is that, for Rg > R*, at the bifurcation point
1«(Rg) = pua(Rg) one “eigenvalue” which determines the stability of the
free boundary problem crosses the imaginary axis at the origin, whereas if
Rg < R*, a pair of “eigenvalues” cross the imaginary axis at pu.(Rg). We
shall explain this in more details in Remark 6.1.

Building upon the estimates derived in the present paper, we shall estab-
lish in a subsequent paper the asymptotic stability of the stationary solution
for all p € (0, ux(Rs)).

The structure of the paper is as follows. In Section 3 we introduce the
linearization of the system about the stationary solution (Rg,os(r)), and
its Laplace transform. It will then become clear that the linear stability and
instability when pg = pY,.m (0, p) (where Y, ., is the spherical harmonic
of order (n,m)) should depend the location of the zeros of a certain func-
tion hp(s) = hn(s,u, Rg) defined in Section 3. The study of the zeros of
hn (s, i, Rg) as a function of the parameter 4 is carried out in Section 4. We
show that, for n # 1, the zeros of h, (s, u, Rg) liein Re s < 0 if u < % (Rs)
and at least one zero lie in Re s > 0 if p > p’(Rg); the case n = 1 is
treated as an exceptional case. In Section 5 we establish the stability result
(1.14) with p.(Rg) = min(ug(Rs), p#5(Rs)) and by the estimates derived in
Section 4 it follows that (1.14) holds. In Section 6 we compare ui(Rg) with
u5(Rg). Finally, in Section 2 we have collected various results on the Bessel
functions which are needed in the subsequent sections.

Remark 1.1 The results of this paper extend to the more general system

coy = Ao + Mo,
Ap = —p(o —7)

with boundary conditions
oc=0, p=79K, Vp=-——.
Indeed, by change of variables
r—x/VA  t—ty/A,
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one can reduce this system to the system (1.1)—(1.5) with o; replaced by
¢oy in (1.1), and with

1,7, 7, ¢ replaced, respectively, by uA\G/v,1,5/7 and ¢ = ¢/vV/\.
Since replacing o; by ¢oy in (1.1) causes only trivial changes in our analysis,

we have taken, for simplicity, ¢ = 1.

In the sequel, when there is no confusion, we shall denote the stationary
solution (Rg,og(r)) briefly by (R, o (r)).

2. Bessel functions

In the sequel we shall need several known identities and some new in-
equalities for the modified Bessel function I,,,(§), where ¢ is a complex vari-
able and m any nonnegative real number. For the convenience we collect all
these facts in this section.

%@=(9mggﬂwik+néfﬁ 2.1)
Io(€) = \/Z sinh €, (2.2)
Iya(8) = ;%{——gi?g—%amhf}, (2.3)
Q/ﬂf)zzw/zf{{il—kl}$nh£——zcoﬂ1£}7 (2.4)
1)+ 110 — (1415 ) Tn(©) =0 (2:5)
L€ + g In(€) = Ina(€). m 2 1, (2:6)
L€ = (&) = Insa(€), m 20, (2.7)
2m

(@) =\ 2 £ [1 - T o) 29)

|arg ()] < 5 =6, [¢] = +oo.

Throughout this paper we shall be working with the functions

Pn(é-) _ In+3/2(§)

— 2N —0,1,2,3, - 2.10
gIn-Q—l/Q(E) ( )



6 Avner Friedman, Bei Hu

From the preceding properties of the Bessel functions we immediately derive:

Po(€) = %cothf _ giZ (2.11)
1 3
Pi(§) = foothe 1 & (2.12)
1 & 4
Pal§) = 5 = "o+ O(€™), [arg(6)] < § = [€] = +oc. (214

We shall also need the very useful formula which holds for all nonnegative
real numbers n ([11, 7.9 on Page 61]):

Jan(2) _ i 22_7% Ton(i2) = ™ T (2), (2.15)
where j, », are the mth real positive zeros of J,,(x). These zeros satisfy the
inequalities ([11, 7.9 on Page 59], or [1, 9.5.2 on page 370])

It < g1 <dn2 < g1z <Jng < Jnt1z <o (2.16)
the first positive zero lies in the interval ([11, 7.9 on Page 60])
n(n+2) <jni1 <+v2(n+1)(n+3), (2.17)

and ([21])

) . . 1 . . . 1
Jnom — Jnm—1 > 7 ifn > 3 Jnom — Jnm—1 <m ifn < 3 (2.18)

Written in terms of the P, function, the equation (2.15) becomes

Zl T Jn+1/2 - (2.19)
Lemma 2.1 For anyn > 0,
PO~ ppE T (220)
P.(0) = n1+ -, (2.21)
TP© = - RO - er2(), (2.22)
PO VIR < 30 for larg(O </t (223)
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Proof. By (2.8),

Lt3/2(8) B 1

Pn - - )
O = rrara® + 250, (@]~ P (€ + @07 3)

which proves (2.20). The assertion (2.21) follows immediately from (2.20).

Differentiating £ P, (€) = RS VLI using (2.6), (2.7), we obtain

Lot1/2(8)

d I;L+3/2(§)In+1/2(§) - In+3/2(§)lé+1/2(€)
P, —P, =
€3] +fd£ €3] 76
1 +3/2
= m {(In+1/2(§) - n§/~’n+3/2(§))fn+1/2(§)
2
—Iy3/2(8) (In+3/2(§) + TH_;/InH/z(f)ﬂ

=1-(2n+2)P,(€) - EP(6).
This implies (2.22).
Finally, if £ = re?® and |0| < 7/4, then cos 20 > 0, and by (2.19)

(o)
1
Pa(§)] <2 — .
[P (6)] mz::l |r2(C0829+’LSln29)+_]72L+1/2,m|

(oo}

1

=1 T+ 212 cos 20 ji_‘_l/lm + j:'lz+1/2,m

saiL — Var(e) < Y2 0

r2 4+ j721+1/2,m on+3°

<2

m=1

Lemma 2.2

d
a{rPl(r)} >0, r>0. (2.24)
Proof.
d r2 — sinh?r 3
L op — i
dr {rPa(r)} (rcoshr —sinhr)? =~ r2

r* — r2sinh? r + 3r2 cosh? r 4+ 3sinh? r — 6rsinh r cosh r

r2(r coshr — sinhr)?

Denote the numerator by c¢(r). Then ¢(0) = ¢/(0) = 0. Setting ¢1(r) =
¢(r)/r, we compute ¢1(0) = ¢;(0) = ¢/(0) = ¢/'(0) = 0, and iV (r) =
32rsinh(2r) > 0. Hence ¢(r) > 0 and (2.24) follows. a
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Lemma 2.3 For r real and positive and n > 0,

P,(r) > Pui1(r), n >0, (2.25)
d
< p ) <o (2.26)
2
nts < P,(r)

r2+ (2n+ 3)(2n + 5)

_ r? +(2n +5)(2n +7) (227)
22n+5)r2 + (2n+3)(2n+5)(2n+7)’
1 n+1 1 n+1 n?+4+n+1
S <P < (2.28)

Proof. If ¢ = r is real and positive, then (2.19) and (2.16) imply (2.25).
From (2.19) and (2.16) we also immediately deduce the inequality (2.26).
Since P,4+1(r) < Po4+1(0) =1/(2n + 5), using (2.20) we get

1 1
Po(r) =
") = Em Tt et T 23
2n+5

24+ (2n+3)(2n+5)
Using this lower bound for P, 1, we see that

1 1
<
2P, 1(r) + (2n + 3) 7AQ( 2n +7
2+ (2n+5)(2n+7)

P,(r)=

b

)+ (2n+3)

which establishes (2.27).
To prove (2.28), recall, by (2.22), that

d 2 3 1
S Pur) + TSP () + PR r) — ~ = 0.
If we compare P, with the function P = % — ”Ttl which satisfies
d— 2n+3— —2 1 n(n +1)
%P(T)-f— P(T)+TP (T)—;:—T<O,

Pn+1)=0<P,(n+1),

we immediately deduce P,(r) > P(r) for r > n + 1. We clearly also have

P,(r) > 0> P(r) for 0 < 7 < n+ 1 so that the first inequality of (2.28)

follows. Similarly, a comparison with the function P = 1 — nl 4 nintl
Y 2r

) . r r2
which satisfies

d ~ 2n+3 ~ =2 1 1
—P(r) + P(r) +rP*(r) - - = 73(

P(r) > P,(r) for0<r<1,

)

n24+n+1
2r

2
1) >0,

yields the second inequality in (2.28). O
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3. The linearized problem

Set

o(r,0,p0,t) = os(r) +ew(r,0,¢,t)
p(r,0,¢,t) =ps(r) +eq(r,0,¢,1) (3.1)
002(t): r=Rg+¢ep(f,p,1)

and, for brevity, denote Rg by R, then (cf. [16])
Vo =epi + O(e?),

L_ ¢ (p-l—%Awp) +0(2),

SRR

where

1 0 ap 1 0%
A p— —_— 1 - T e e
“P= Sind 99 (Smeao) iz 0p?

Substituting these quantities into (1.1)—(1.5) and collecting only the linear
terms in €, we obtain the linearized system (cf. [5])

wy—Aw+w=0 in B x {t >0}, (3.2)
W(R0,6,0) = M0 p.) Tort>0 (A= os(r)| ) (33)
Ag=—pw in Br x {t >0}, (3.4)
(R0, 0.0) = — =5 (p+ 3 Au) (3.5)
4(R,0,0.t) = = 3 (p+ 540p), :
dp 9*ps dq
er_ _ Y £
dt 2 =" " arl—r " t>90,
where Br = {r < R}. Using (1.7) and (1.8) we find that
62ps ~
= — 1 —
or? lr=R 'u( 0)7
Thus the last equation can also be written as
dp ~ dq
E—,u(l—a) ~ 5l for ¢t > 0. (3.6)

From (1.9) we also have the initial conditions

w O:wo(r,ﬁ,ga) for0<r<R, p
t=

=) G

Theorem 3.1 If (wo, pg) € C*2*/3(BR) x C*+*(dBR), then there exists
a unique solution of (3.2)—(3.7) for allt > 0.
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Proof. For w € C*®/3(Bp x [0,T]) we can solve the linearized inho-
mogeneous Hele-Shaw problem (3.4)—(3.6) with w = @ and p|i—¢ = po for
(q,p) € C*2/3(Bgr x [0,T]) x C4F*1+2/3(dBR x [0,T]) and derive the
estimate

HPHC“‘*’“J‘*’“/?’(BBRX[O,T]) < C{”@Hca,aw(ERx[o,T]) + ||P0HC4+a(aBR)};

the proof is similar to that given for the inhomogeneous Hele-Shaw in [10].
Solving then the system (3.2), (3.3) for w, we get a mapping S : W — w
with
||w||02+2a/3,1+a/3(§RX[O7T])
< C{lwllgoers@pxor + llPollcite@pg) + wollzre @yt
If wy and ws correspond to wy and ws, then we also have
lwn = wsllgaass @rxory < CT ™o = wsllcan B xjomy
S CTliOL/BHEI _EQHC‘%“N(ERX[O,T])’

so that S is a contraction if T is small. Thus S has a unique fixed point,
which is the solution of (3.2)—(3.6) for 0 < ¢ < T'. This procedure can be
extended step-by-step to all ¢t > 0. O

The rest of the paper is devoted to the problem: Find the values of
i = p(R) such that the solution of (3.2)—(3.6) satisfies (1.10) for any choice
of the initial data (3.7).

We proceed formally to work with the Laplace transforms of w, ¢ and

P>
oo
B(r.0,,5) = / e *t(r, 0, . )dt,
0
q(r,0,0,5) = / tq(r,0, o, t)dt,
0

50, 0.5) = / e p(6, 0, 1)t
0

for Res > a. Taking the Laplace transform in (3.2)—(3.6), we get
—AW+ (s + 1)w = w(r,0,9,0) in Bg,

@(R,6,p,5) = —A\pls), (3.8)
AG=—pw in Bg,
N B 1, 1 (3.9)
q(R7 97 @, S) - ﬁ (p + iAwp)7

sp—p(0,p,0) = (1—E)A—a—§ (3.10)

p—pW0,p,0)=pn P I ler .

In particular, if

p(&, ©, O) = pOYn,7rL(97 (,0) (pO constant), (3.11)

w(r,0,9,0) = wo(r)Ynm(0,p)
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where Y}, ,,, is the spherical harmonic of order (n,m), then we seek solution
of the form

p(0,0:t) = pnm(t)Yn,m(0,p),
w(r,0,¢,t) = wn,m(r7 t)Yn,m(ev ®), (3.12)
q(’l"7 07 ()07 t) = qn,m(r’ t>Y"’L7m (87 @)

Introducing the Laplace transforms

p= ﬁn,m(s)Yn,m(ev ‘P)a
w = {U\n,m(ry S)Yn,m(ea 90)7 (313>
E]\ ~

= 4n,m (7"7 S)Yn,m(ev 90)'
and using the relation
we find that
A nn+1) MNa B W B
— wnym(r, S) + (T + (3 + ))iﬂn,m(ry S) - ’LU()('I") m R, (315)
wn,m(Ry 5) = 7>‘pn,m(5)7

1
AGum(res) — "D (r8) = —p(rs) in Ba,
r (3.16)
Gom (R s) = — i(l— n(n—i—l))A ()
gn.m\11,S) = R2 9 Pn,m\S),
and
n,m - - 1 - n.m —_— . 317
$Ppn,m(8) — po = (1 — )P, 9 g (3.17)
We can solve (3.15) in the form
R I s+ 1 R/?
B = — AP (8) L 2(1 % ) twi,,  (3.18)
r Iny1/2(RVs +1)
where w1, (r, s) is the solution of
nin+1) .
e (MDY = B
W1y + 7‘2 + (S + ) W1in 1UQ(’I") m DR (319)
W1in = 0.
The function ¥ = @ym + < wn m Satisfies
~ 1
—AD + (” Ty ) in B
. n(n + 1 )+ " A\ (3.20)
=— —(l-——=)p 7/\77, m 5
U(R, ) RQ( 5 )Pun() = 1 Bm(s)
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and therefore

1o n(n+1) HA
Y= ﬁ [ﬁ(T - 1) - m] Pn,m T 1/)17“ (321)
where 1)1, is the solution of
n(n+1) —_ p .
—Al/fm + Twln = s+ 1’LU0(7’) m BR7 (322)
wln’ =0.
r=R
Using (3.18), (3.21), we find that
. r" 11 /nn+1) HA T [T
qn,m = E[E(T - 1) - s+ 1]pn,m - s+ lwn,m +w1n
gyl on(n+1) A
{&lm (Y- (323)
pA Lng1y2(ry/s +1) RY/? },3
S + 1 7"1/2 In+1/2(R\/ S+ 1) hm
_s—i—Llwln + Y1n,
so that
On,m _ynrpl n(n+1) A
or T:R_{E[ﬁ( 2 1) s—|—1]
)
s+ 1dr rl/2 r=R I 1/9(Ry/s+1)J7""
d Iz
% |: B S + 1’!1)1n + wln:|r:R7
and, by (2.7),

d [Ins1/2(rvs +1) n Vsl
% [#} = mfnﬂ/z(?"\/s—i—il) + Wln+3/2<r\/s—|—71)_
(3.25)

We substitute (3.25) into (3.24) and insert the resulting expression for
(0Gn,m/0r)(R) into (3.17). We then get

- n /n(n+1) pA  Tnpsya(Rys +1) o
(1= 5) = (B 1)
{S u1=2) R3 ( 2d ) Vst 1I12(RVs +1) }pn,m (3.26)
= pPo — ar [ - S-i-Llwln + Y1n _
Noting that, by (2.10)—(2.13) and (1.8),
1 I3/5(R
A=0,(R) =cothR — — = 32(R) _ RPy(R),
- R Ls(R) (3.27)
and —— = Pi(R),

AR
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we can rewrite (3.26) as

uRQPo(R)lhn(s,u, R) {'00 + % {?leln - ¢1n} T:R}, (3.28)

I p—
Pnm =

where h,, is given by

1 { s n (n(n+1)

hn(s) = ha(s, 1, R) = ulR2Py(R) - RO Py(R) 2 1)} (3:29)
— Pi(R) + Py(Rys +1).

Thus the behavior of p,, ,,, should strongly depend on the properties of
B,
Lemma 3.2 Let n > 0 be an integer and consider the elliptic problem

—Aw + Ww =0b(r,s) in Bg, (3.30)

wl =0, (3.31)

where s is any complex number.
(i) If for some s, b(-,s) € L?>(Bg), then this problem has a unique solu-
tion w in H?(BRr); furthermore,

i 1/2 R 2 112
ety + ] [ bt sppar) ™ s [0 ]
0 R 0

r
U (3.32)
SC{/ |b(r,s)|2r2dr} ,
0
ow

W(R,s)‘ < (n—|—Cl)1/2 [/OR|b(r,s)|2r2drT/2, (3.33)

where C' is a constant independent of s and n.

(ii) If b(r, s) is holomorphic in s in some region and b(-,s) € L*(Bgr),
then w(r, s) is holomorphic in s in the same region, and

R 2 R
|5 it el ] <ol [ 1752

where C' is a constant independent of s and n.

)

2 1/2
T‘2d1":|

(3.34)

Proof. If n = 0, then the existence, uniqueness as well as (3.32)-(3.34)
follow from the standard L? theory for elliptic equations.

If n > 1, we consider first the equation (3.30) in 6 < r < R with zero
boundary values on = R and = = ¢, where § is positive and arbitrarily
small. Since we can solve separately the real part and imaginary part of
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b(r,s), we may assume without loss of generality that b(r, s) is real valued.
Multiplying (3.30) with w/r? and integrating over Bg \ Bs, we obtain

Roi2

/ lar’dr—kn(n—i—l)/& ’? dr
R R

:/ b(ns)w(r,s)dr—i—/ 2—wa—wdr
5 5

n?+n—1 [Flw2 1 "
< — —| d - - b 2,29
- 2 / ‘ ‘ r+2(n2+n—1)/5 [b(r )" dr

R 2
w
/ ‘87"‘ T+/§ r "

from which it follows that

! w2d 1 Rb 22d
— < . .
/5 ‘r’ r_(n2+n—1)2/6 |b(r, s)["r=dr (3.35)

Similarly, multiplying the equation (3.30) by Aw and integrating over Bp \
Bg, we obtain

/|Aw|2 2dr—|—nn+1/‘ ‘dr
w Ow

R
—/ Auw(r, s)b(r7s)r2dr—|—2n(n+l)/ — —dr
5 s

r or
I 2.2 I 2 2
< B | Aw|*r dr—i— - [b(r, 8)|“r°dr
b P

1 B2
+§n(n+1/ ‘8 ‘dr+2n(n+1/6 ’?‘ dr,

which implies, using (3.35), that

R R 5uwi2 R
/ |Aw|2r2dr+n2/ ‘—‘ dr < C’/ b(r, 8)|*r2dr, (3.36)
5 s 1or )

where C' is independent of n and d. Letting 6 — 0 we obtain a solution to
(3.30)—(3.31). Since w = 0 on dBg, we have|w|| g2 (p,) < C||Aw| r2(By), SO
that (3.36) implies (3.32).

Uniqueness of solutions w in H?(Bg) follows by taking b = 0 and re-
peating the derivation of (3.32) with § = 0.

To prove (3.33), we note that by mean value theorem,

/R aﬂ 2d B E 8w(7’1) 2

= f R—R/n,R
| O r= " ‘ or some ry € | /n, R],

and using (3.32) we then get

ow(ry) C R 5 9, 11/2
’7‘ < W[/o Ib(r, s)|2r2dr| . (3.37)
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Integrating (3.30) over Br \ Br—_pg/n, using (3.35) and (3.37), we obtain

ow 1,]0w " R
2| Ow 201 _ 1 \|ow 2
R 5 (R)’ < R (1 n) 5 (7’1)’ Jr/r1 n(nJr1)|w|d7"+/r1 [b(r, s)|r=dr

1 0w R 1/2

< R2(1 - 2| 2= _ 1/2 2

< R - )| S )|+ (R =) n(n—i—l){/ﬁ jwfdr
3_ .3\1/2 . rR 1/2

+7(R 37“1) {/ |b(r,s)|2r2dr}

C R 1/2
< b 2r2q :
<[ bl

To prove (3.34) consider the equation for W(r, s, As) = [w(r, s + As) —
w(r, s)]/As and apply to it the estimate (3.32). We find that W (r, s, As)
is uniformly bounded in r and, as As — 0, it converges to the (unique)
solution of

nin+1) Vo ob(r, s)

—A
v+ 72 Os

in BR,

This shows that w(r, s) is holomorphic in s. Finally, applying (3.32) to V
we obtain the estimate (3.34). 0

In the next lemma we consider a more complicated situation in which
the elliptic operator depends on s in a special way and s is restricted to a
half plane.

Lemma 3.3 Let n > 0 and consider the elliptic problem.

—Aw + (n(ni;l—l) +(s+ 1))w =0b(r,s) in Bg, (3.38)

"
=0, (3.39)

where s is any complex number with Re s > —do(1+mn) (where §y is positive
and small) and b € L?*(Bgr). Then for Re s > —do(1+n), this problem has a
unique solution in H*(BRr) as asserted in Lemma 3.2, and the inequalities
(3.32), (3.33) hold; furthermore, if b(r,s) is holomorphic in Re s > —do(1+

n), also the inequality

|56 oL Lol ] O [ {152 e )™

(3.40)
holds, and the constants C in (3.32)-(3.33) and (3.40) are independent of
s and n.
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Proof. The existence and uniqueness is the same as the previous lemma.
Writing s = s1 + 42, w = u + v, we obtain

1
—Au+(%+sl+l)u—szv: Re b,

1
_AU+(%+81+1)U+52U: Im b.

Multiplying the first equation by Au and second equation by Av and inte-
grating over Bg, we obtain

R R
/ [(Au)? + (Av)?]r2dr + / {n(n+1) +7%(s1 + 1)} (lur | + [0 [*)dr
0 0

R R
= / 2n(n+1)wdr—/ [Re b Au+ Im b- Avlr?dr
0 0

1 R R 2 2
5n(n+1)/ (|u,.|2—|—|v,.|2)d7‘—|—2n(n—|—1)/ CEREC
0 0

r2

IA

e 2 27,2 e 2.2
+§ [(Au)® + (Av)*]r<dr + 3 |b(r, s)|“r<dr,
0 0

and hence

R R

%/ [(Au)2+(Av)2]r2dr+/ PO 2o )+ )
0 0

R 2

1 (R 2
< 7/ b(r, 5)[*r2dr 4 2n(n + 1)/ #dr.
2 0 0 r

(3.41)
In case n = 0, (3.41) implies implies (3.32) and (by Sobolev’s inequalities)
(3.33). In case n > 1, we need to further estimate the second term on the
right-hand side of (3.41).
Clearly |w|? = (u? 4 v?) satisfies

1 1
—§A(\w|2) +(%+81 +1)|w* = (u Re b4v Im b) — (|Vul> + |Vov|?).

Since w(R) = w,(R) = 0, we can integrate this equality to obtain

R R
1
|l poar+ [FEED v
0 0

/R 2uu, + 200,
0 T

R
dr—i—/ (u Re b+ v Im b)dr,
0

from which we obtain

R 2

n°+n-—1 1
J et ()
0

R
dr S (7’124—71—1)\/0 |b(7"75)|27"2d7".
(3.42)
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provided s; > —dp(n + 1) and d is small. Hence

Ry2 402
/0 ‘ r2
Substituting (3.43) into (3.41), we obtain (3.32). Using (3.42) we can pro-
ceed to derive the estimate (3.33) as in Lemma 3.2.
Consider next the equation for W (r, s, As) = [w(r, s+ As) —w(r, s)]/As
and apply to it the estimate (3.32). We find that W (r, s, As) is uniformly
bounded in 7 and, as As — 0, it converges to the solution of

_0b(r,s)
D

c (R
dr < i b(r, s)|>r2dr. (3.43)
0

1
—AV+(%+5+1)V

—w in BR,

\%4 =0.
r=R

Applying (3.32) to V' we obtain (3.40). 0

4. The zeros of h,(s, i, R)

Lemma 4.1 For any p > 0 and anyn > 0, all zeros of hy,(s) = hy(s, p, R),
except at most two, are real and less than —1.

Proof. From the formula (2.19) it is clear that the function hy, (s, i, R)
(n > 0) is holomorphic in C except at the sequence of points

] 2
s:—l—(%> C om=1,2,3-.. (4.1)

where it has simple poles.
We introduce the functions

o (5) = 1 { s n (n(n+1) _1”7

uwlR2Py(R) + R5P,y(R) 2 (4.2)
kon(s) = Py (RvVs+1) — Pi(R),
so that
hn(8) = hp(s, 1, R) = k1n(8) + kan(s). (4.3)

As easily seen from (2.19) and (2.18), the function ks, (s) is uniformly
bounded in C outside any small ep-neighborhood of the sequence (4.1).
Furthermore, we can choose arbitrarily large numbers A such that each
sphere

8BA = {7“ = A}

avoids the eg-neighborhood of the sequence (4.1). But then

1 (5) — Kin(s)] = [an(s)] < const. < |kin(s)]
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on 0B 4 if A is large enough. Hence, inside Ba,

(the number of zeros — the number of poles) of h,(s)

= (the number of zeros — the number of poles) of k1, (s) = 1. (4.4)
Set . )
- 4 In+1/2,m
A = 1 ( R )

and note that in any interval G141 < $ < B,
hn(ﬁerl + 0) = +OO7 hn(ﬁm - 0) = —OQ.

It follows that h,(s) has at least one zero, say s = ay,+1, in the interval
(6171—1—1 ) ﬁm)

Recalling (4.4) we conclude that h(s) has precisely two more zeros, say
a1 and agp, which may either be both real, or one is the complex conjugate
of the other. O

Setting

a1 = aq(p) and g = ag(p)
we have, for any pu > 0, either Im @y = Imag = 0 and a3 < ag, or
Im o >0, a1 = ag.

Lemma 4.2 Forn > 2,

hn (0, un(R), R) = 0, (4.5)
hn(0, 1, R) >0 for u < pn(R), (4.6)
ha(0, 0, R) <0 for > pin(R). (4.7)
Proof. Solving the equation h, (0, i, R) = 0, we obtain
nn(n+1) —2
r mnt )22 ), (438)

" 2R5Py(R)[Pi(R) — Pa(R)]

where the last equality is obtained from the definition of Py, P, and P,. The
inequalities (4.6) and (4.7) follows immediately from the form of h,,. 0

Lemma 4.3 (i) For n > 2, if p > un(R), then hy(s, u, R) has a positive
real zero.

(ii) For n =0, if u is sufficiently large, then ho(s, u, R) has two positive
real zeros.

Proof. If n > 2 and p > pu,(R), then h,(0,u, R) < 0. But since
hn (400, p, R) = +00, hy(s, u, R) must have a real positive zero.

If n = 0 then, by (3.29) and (2.25),

h0(07u’R) = PO(R) - PI(R) > 0.

Notice that Py(r) — 0 as r — oo. Hence if 3 > 1, then Py(Rvs+1) —
Pi(R) <0, and so

ho(3, 1, R) <0 if p/5>> 1.
Since also h(+o0, u, R) = +00, hy, (s, p, R) has two real positive zeros. O
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Lemma 4.4 Ifn =0, orn > 2, and p sufficiently small, then all zeros of
hn (s, u, R) have negative real parts.

Proof. As before,
ho(0, 11, R) > 0. (4.9)
By (2.11),
7'(' 2
ho(B1 +0) = oo where f; = —1 — (E) :
Also,
ho(—]_7 M) <0

if p is sufficiently small, so that ho(s, pt, R) must have two real zeros in the
interval B < s < 0:

B1 < ar(p) <ap(p) <0 if pis small. (4.10)

Thus all the zeros of hg(s) are accounted for and they are all real and
negative.

In case n > 2, we can argue as in the proof of Lemma 4.1 with B4
replaced by D4 = {s;|s| < A, Re s < 0}. The same argument shows that,
for 0 < p < 1, the right-hand side of (4.4) is 1, and that «;(u) and ()
must lie in D. U

It remains to identify the location in C of the zeros o (p), ag(p) for
intermediate values of .

As p increases from small to large values there must occur a first value
wh(R) such that the largest of the real part of the roots of hy(s,u, R)
vanishes at u = p) (R), i.e., Re ap(p) < 0if p < g (R) and Re ag (1 (R)) =
0.

Lemma 4.5 Forn =0 orn > 2, if u > pf(R) then at least one zero of
hn (s, i, R) lies in {Re (s) > 0}, i.e., Re ag(u) > 0.

To prove the lemma, we need to show that the imaginary axis can only be
crossed once by the root ag(u) of by, (s, i, R). At such a crossing ag(u) = i,
7> 0 and

hnGit,p, R) =0, 7>0, (4.11)

that is,

nfp(n+1)/2-1] P (R)+Re P,(RViT +1) =0, (4.12)

pR° Po(R)
m +1Im Py (RVir +1)=0. (4.13)

We need to show that the last two equations have at most one solution pair
(1, p). In the case 7 > 0, by eliminating p from the second equation, we
obtain from the first equation

fa(r,R) =0, 7>0 (R fixed), (4.14)
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where
1) -2 P, (RViT+1
fulr,R) = PL(R)—Re Py(RViT +1)+ "[”(”2;3) [ Dol - +1),
(4.15)
Lemma 4.6 Forn =0 orn > 2,
d
Efn(r, R) > 0 for all T > 0. (4.16)
Proof. By (2.18),
- 1
P, ) 1)=2
W (RiT + 1) mZ::l R (T + 1)+ 2, 5. (417
:2§: (R? + 21 jom) — 1R°T :
RiT? + (R2 +]n+1/2 m)2
Thus, for 7 > 0,
d = 2RY(RP 42 )
—Re P,(RV =2 0 4.18
dTRe <R el Z R47_2 R2 +jn+1/2 m)2]2 =0 ( )
g o 2 6
Ay BBV D) S—— o5 >0, (4.19)
dr T R+ (R + I /2.m) ]

which immediately imply that % fi(r,R) > 0 for all 7 > 0. 0

Proof of Lemma 4.5. From (4.15) and Lemma 4.6 it follows that
fn(1, R) vanishes in at most one point 7. Since f,, (400, u, R) = P;(R) > 0,
as seen from (4.16)

(4.14) has exactly one solution at 7 > 0 if f,,(0, R) <0,
(4.14) has exactly one solution at 7 = 0 if f,,(0, R) =0,
(4.14) has no solution for 7 > 0 if £, (0, R) > 0.

In the case n = 0, fo(0, R) = P1(R) — Py(R) < 0, so that the equation
(4.14) determines 7 uniquely, and then the equation (4.12) determines u(R)
uniquely.

Consider the case n > 2. If f,,(0, R) < 0, then (4.14) uniquely determines
7, and again (4.12) determines p; in this case ag(pg) = it and ag(pg) =
—i7. On the other hand if f,(0, R) > 0 then, by Lemma 4.6, f,(7,R) > 0
if 7 > 0. Tt follows that ag(p) = 0. Since by Lemma 4.2, pn = p,(R) is the
unique zero of h,, (0, 4, R), we must have p(R) = pn(R). 0

Remark 4.1 From Lemma 4.5 it follows that p) (R) is equal to p,(R) if
ap(pt (R)) isreal, and p) (R) < pn(R) if og(pe];) is a complex number. Hence

fin(R) < pin (R).
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We shall later determine for which R the equality holds.

A direct computation shows that for n > 2,

Ohy, 1 R

95 —(0, un(R), R) = WQBPO(R) + EPTIL(R)
R R,
(4.20)
so that, by (2.13), (2.14),
1 Oh, -1
fim 755 Omn(BLB) = oo gy <0 (421)
im0 (R)R) = —2— >0, (4.22)

R—too R Os n(n + 2)

Lemma 4.7 For any n > 2 there exists a unique positive number R}, such
that

%L:(O, p2(R),R) >0 for R> Ry, (4.23)
%L;(O, u2(R),R) <0 for R< R}; (4.24)

furthermore,
R;, <0.32  foralln > 2. (4.25)

Proof. Consider the function
1 Oh,
R2 Os

By (4.21), b,(R) < 0 for R small and, by (4.22), b,(R) > 0 for R large.
Recalling (4.20), we have

bn(R) = (0, in(R), R).

d _ [A(B) + RPI(R)] = [P(R) + REW(R)] | 101 ) oY
arn ) = (172 —1] +5(FRm)
(4.26)
From (2.19) we get
1 oo
<R” ):22 R2+]+1/2 5 >0 (4.27)
and
P.(R) + RP.(R) =2 Z At G o . (4.28)

— ( (R? + Jn+1/2,m)2
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The function

o(z) = —R*+x
- (R?+4x)?
satisfies p P2
—r+3 x
— =" <0 forR®’<=.
0 = Ry <0 frE <y
Since 41 /2,m 18 monotone increasing in n, we then have
R R R, B
S i g2 DM s,
(R +=73/2,m) (R +=7n+1/2,m) 3
Summing over m and recalling (4.28), we obtain,
Pi(R) + RP,(R) > Pu(R) + RP.(R) for R < ‘7?’% ~2.504.  (4.29)
Combining this estimate with (4.27), we obtain
d
Tpbn(R) >0 for R <250, n>2. (4.30)
By (2.19) and (2.13),
7P’r/L
2R mZ: R? 4—]n+1/2m)2
— -1 1 -1
> 2 —— = lim —P/(R) = ,
mz::1 ]i+1/2,m R—0 2R (2n +3)%2(2n +5)
so that
2R 1
bp(R) > ———{P1(R) — P,(R)} —
() n(n+2(n—1){ 1(R) (R)} (2n 4 3)%(2n + 5)
> —(RP (R) 1 ) !
n(n+2)(n—1) ! 2n +3 (2n+3)%2(2n+5)’
(4.31)
where in the last inequality we made use of (2.21). In particular,
2 0.32 1
ba(0.32) > — = (0.0638 - )- :
(0-32) n(n+2)(n—1) 2n+ 3 (2n +3)2(2n+5)
- 2 <0.1276n — 0.1286) - 1
n(n+2)(n—1) 2n + 3 (2n +3)2(2n + 5)

2 0.125(n — 1) 1
n(n+2)(n—1) ( 2n+3 ) "~ (2n+3)2(2n+5)

1 1 1
B 2n+3{4n(n+2) a (2n—|—3)(2n+5)} > 0.

Recalling (4.30) we conclude that b,(R) = 0 has exactly one zero in the
interval [0,2.59], and this zero lies in the interval (0,0.32).
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We next want to show that b, (R) remains positive for all R > 2.59. Since
(by Lemma 2.2) RP;(R) is monotone increasing and P,(R) < 1/(2n + 3),
we deduce from (4.31) that

n(n++)(n—1){ (alpl(al) ) Q”Gi 3) R 2(7;(:: 32))2((271_ +1)5) }

>0 for a1 < R < as,

bn(R) >

provided we choose as such that

n(n+2)(n—1)
2(2n + 3)%(2n + 5)

as < (2n + 3){a1P1(a1) . } = Z(a,n).  (4.32)

If a; = 2.59, then a; Pi(a;) ~ 0.4411, and we can choose

ay = m>ir212(2.59, n) > 3.046.

Similarly, with ag = 3.046, b,,(R) > 0 in the interval (a2, as], (a3, as], (a4, as]
where

as = m>1121 Z(3.04,n) > 3.422,
ay = m>1121 Z(3.42,n) > 3.697,
as = m>1r21 Z(3.69,n) > 3.873.

Since

nn+2)(n—1)
2(2n + 3)%(2n + 5)

1
{3.87P1(3.87) - } > 0.57 = 35 = 05075,

we can choose ag = 0.5(2n + 3) so that
bp(R) >0 for259<R<n+3/2, n>2.

In order to extend this inequality to all R > 0, we begin by noting, by
(2.19) and (2.17), that

-1 > 1
—P/(R)=2 .
o LT

m=1
1 = 2
< : , (4.33)
R? +=772L+1/2,1 1 R? +3¢21+1/2,m

1
SR (n+1/2)(n+5/2)

P.(R).

Recalling the definition of b,, and using (4.20), we get
n(n?+n —2)b,(R)
n(n —1)(n+ 2)
R*+ (n+1/2)(n +5/2)

> 2RP,(R) — (2R + )Pn(R) = J,.
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Using Lemma 2.3 we find that if R > n + 1, then

(- 2)

(n—1)(n+2) .
‘(2}”<n+1)3f<n1+f/z+)(2n+5/2)>(%—ngzl )
>(2—%)—@R+g)eé_zgy+ﬁggj1)
-Gy e

Hence, if R > n+ 3/2,

In >

1{(3£ ) n’+n+2 nm*+n+1)

il fi > 3.
RU2 3(n 1 3/2) 4(n+3/2)2}>0 orn 23

It remains to prove that b,(R) > 0 for n = 2; this was already proved for
2.59 < R < as, where a5 > 3.873. We have Joi A 5.763, so that

-1

1 1
Y P —
2R R2+ 352,101

P, — = P.(R).
(R) < grgg ()

Replacing (4.33) by this sharper inequality and proceeding as before, we
obtain

4 8 1 3 7
2> (2-5) - 2R+ g ) (G- ) 20
if R > 3.87. We conclude that
bp(R) >0 for 259 < R<oo, n>2. (4.34)

In conclusion, b,(R) = 0 has exactly one zero in (0,00), and this zero lies
in the interval (0,0.32). 0

We can solve numerically for R : R ~ 0.15876. Numerical computation
shows that R} increases with n, R3 ~ 0.18951, R} ~ 0.20999, ---, R, =
0.30131, - - -, Riyo =~ 0.30722, etc.

Theorem 4.8 For n > 2, the following inequalities hold:

1y(R) < ua(R)  if R < R}, (4.35)
Wo(R) = wa(R) if R> R (4.36)

no

where R} is defined in the previous lemma.



Asymptotic stability and instability for tumor cell 25

Proof. Since h, (0, u,(R), R) = 0, we must have u’ (R) < un(R).

If R < R}, then (d/ds)h, (0, un(R), R) < 0; therefore hy, (3, pn(R), R) <
0 for some small 5 > 0, and thus for 0 < p,(R) — u < 1, h, (5,1, R) < 0.
Since hy, (400, 1, R) = +00, hy,(s, p, R) must have a positive root so that
15(R) < in(R).

If R > R}, then (d/ds)h(0, pn,(R), R) > 0; therefore h,,(—3, un(R), R) <
0 for some small § > 0, and thus for 0 < p,(R) — p < 1, hp(=3, 4, R) <
0. Since hp (0, u, R) > hyp(0, un(R), R) = 0, hy(s, p, R) has two more real
negative zeros in addition to the zeros a,, which lie in S,,41, Bm), m > 1,
so that ag(p) < 0.

Thus if 0 < p2(R) — p < 1, all zeros of hy(s, p, R) are real and nega-
tive while at u = pn(R) hy(s, un(R), R) has the root s = 0. Since ag(u)
cannot cross the imaginary axis more than once, we conclude that ) (R) =
pn(R). O

Lemma 4.9 The following inequality holds:
pr (R) > pin—1(R)  formn > 3. (4.37)
Proof. If u(R) = pn(R), then clearly

fi (R) = pin(R) > pin—1(R).

n

then have R < 0.32 and h,, (0, u(R),R) > 0. Hence 7 = 7(n,R) > 0 in
(4.12) and (4.13).
By (4.17)

Thus we only need to consider the case u*(R) < un(R). By Lemma 4.7 we

Re P,(RVir +1) > 0.
Substituting this estimate into (4.12), we obtain

n[n(n+1)/2 — 1]
iy RO Py (R)

< Pi(R). (4.38)

By the definition of u,_1 (cf. (4.8))

nn(n+1)/2 —1]
fin—1R5Py(R)
n[n(n+1)/2 — 1]

B CE I e A

1
1 n(n+2)
> PUR)+ gyt Bn + DR0) — 5

> Pi(R) for0< R<0.4;
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here we use the fact (3n + 2)P;(0.4) > 0.199(3n + 2) = 0.597n + 0.398 >
{n(n+2)}/(2n+1). Comparing the last inequality with (4.38) we conclude
that p! (R) > pn—1(R) for n > 3. a

From Theorem 4.8 and Lemma 4.9 we infer:

Theorem 4.10 There holds:
wr(R) > pua(R) for alln > 3, and (4.39)
pa(R) = pa(R) if R > R, p3(R) < p2(R) if R < R;.  (4.40)
We next prove

Lemma 4.11 There exists a 6 > 0, depending only on p and R, such that
the real parts of the roots of hy, (s, i, R) are less than —dn? for all sufficiently
large n.

Proof. The point of the theorem is that 6 can be chosen independently
of n. We choose ¢ so small that én’ < (jn+1/2,1/R)2, which is possible by
(2.17). Consider a domain D,, = {s; —K,, < Re s < —on2, |Im s| < K},
where K and K,, are arbitrarily large and choose K, such that also (by
(2.18)) |Kp + 1+ (jut1/2,m/R)?| > 1/R? for all m. Let us decompose hy,
as in (4.3), (4.2). Recalling (2.19) we have |k1,(s)| > |k2n(s)| on 0D, if
n is sufficiently large. As in the proof of Lemma 4.1, h, (s, i, R) has roots
Qpm(m =0,1,2,3,--+) which lie in Dy, = {s; Re s < —dn?} and satisfy

o (Jn+1/2,m)\? B _(jn+1/2,m—1 2
1 (751 ) < Qg < —1— (FEEE ) ifm =23, (4.41)

and the two additional roots a.,,1 and au,g, real or complex, which lie in D,,.
Since by Lemma 4.1 h,(s, u, R) has no additional roots, the assertion of
Lemma 4.11 follows. |

We finally consider to the zeros of hq(s, u, R). Recall that

hi(s, p, R) = m — Py(R) + P/(RVs + 1), (4.42)

and in particular hy (0, 4, R) = 0 for all u, R.

Lemma 4.12 Let 5

iR = = Ty (4.43)

Then

(i) If i < pa(R) then, except for s = 0, all remaining zeros of h1 (s, u, R)
are real and negative.

(i) If u > p1(R), then hi(s,u, R) has a positive real root.

Proof. From (4.42) we get

0 1 R

—hi1 (0,4, R) = ————+ =P|(R

s 1( ) Hs ) MR2P0(R) + 9 1( )7
which is positive if g < pp(R). Similarly and (9/9s)h1(0, u, R) < 0 if p >
11 (R). Proceeding as in the proof of Theorem 4.8 we obtain the assertion
of the lemma. 0
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Lemma 4.13
uo(R) < pi(R)  for 0 < R < oc. (4.44)

Proof. Let ho(iT, u, R) = 0 with 7 and p = pi(R) as in (4.12), (4.13)
with n = 0. From (2.19) and (2.16) we deduce the inequality —FP) (r) >
—P) (). Hence

1 [M]8

L L Lopipy = S~ 2B
m:—ngl(R)<_§RPO(R)* (R2 + (mm)?)2

m=
oo 2 0 1
< Z 2R _ —ImPO(RV 1T 1
RAT2 + (R? + (mm)?)? T

by (4.17) and (4.13), and the lemma follows. 0

5. Asymptotic stability and instability for the linearized problem

The following Laplace inverse transform formula is well known:

Lemma 5.1 Suppose that F(s) is holomorphic in Re s > a and
KIEHOOSUPHF(S)‘; Re s > a,|s| > K} =0.
Suppose also that there exist an 1 > 0 and a constant ¢y such that
F(s)=cos ' +0O(|s|"" ")  fors=a+ir, as|r|— occ.

Then the integral

1 a-+100 eat oo )
g(t) = 2—/ F(s)etds = —/ F(a+ir)e'™dr
™ a — 00

—100 27

defines the inverse Laplace transform of F(s), i.e., g(s) = F(s) for Re s > a,
and furthermore,

lg(t)| < Ce™.

Lemma 5.2 Let pp < pl(R) (n # 1). Then there exists a small positive
0, depending only on u, R, such that the following is true: If Q,(s) is a
holomorphic function for Re s > —8(n?+1) such that |Q,(s)| < C/+/|s \ +1
then

2mi a—1i00 hn(sa;uvR 2mi a—1i00 hn(svﬂvR) N 7

where the constant C' is independent of n.
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Proof. We decompose h,, as follows: hy, (s, i, R) = c1(s + c(n) + kn(s)),
where c1kn(s) = —Pi(R) + P,(Rvs+1), ¢ is a positive constant, and
c(n) = can® as n — oo, where ¢, is a positive constant. By (2.19), |k, (s)| <
const.= c3 if Re s > —§(n? + 1), provided 4 is chosen so that §(n? + 1) is
smaller than (j,41/2,1/R)?; by (2.17), such a choice of 4 is possible.

By the Residue theorem,

1 a+100 st
R / _eTds eyt
270 Jy—ioo S+ c(n)

and then
1 /aﬂ'oo estds
270 Jy—ioo S+ c(n) + kn(s)

B 1 a+ioco eStds a+1i0o k., (S) st g
B ﬁ{/a_m s +c(n) _/a—ioo (s +c(n))(s + (n)+kn(5))}

— e—c(mt _ i /aﬂoo kn(s)e* ds = <Mt _ g
276 Jo—ioo (s +c(n))(s + c(n) + kn(s))

In the last integral we may change the contour of integration moving a
to —d(n? + 1), since h,(s,p, R) does not have a zero in the half plane
Re s > —d(n? + 1), by Lemma 4.11 (we may need to change §, making it
smaller) and the definition of p(R). Hence

| oo e—S(n*+ 1)t g
MR N e o v O e T R

< Ce—dn*+1)t /OO er < Ot
T4+ 1

and the first part of the (5.1) follows for n large, say n > ng. Similarly, if
|Qn(s)] < C/+/|s| +1 for Re s > —§(n? + 1), then

‘1/a+ioo Qu(s)e stds ‘ B ‘ / §(n+1)+ico Qn(s)e st s
2mi a—ioo Cn) 2mi 6(n2+1)—ioco S+C(n) ( )

e dr
—6(n +1)t

and the second part of (5.1) follows for n large, say n > ng. For each n < ng
and # 1 the proof is similar provided p < 1 (R). 0

Theorem 5.3 If n < pk (R), (n = 0 orn > 2) then for the solution
(0, 0.t) = prm () Yn.m(0, ) of (8.2)—(3.6) with initial condition

P(97 P 0) = Po,n,mYn,m(9 <,0) (po n,m constant) (5 2)
’LU(’I’,Q,QD,O) = Wo,n,m (T) n m( ) ’
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there holds:

1

< -
pnm (O] < C(|00mm| + o575

||w07n,m||L2>e*5(”2+1)t fort >0,

(5.3)
where the constants C,§ depend on (R, u) but are independent of (n,m).

Proof. Let
1 0Qn,m
Mn m = n,m - s A4
m(s) uR?Py(R)hy, (s, 1, R) {Po, m+ or (R>} (54)
where
Qn,m = Wip — wln n BR (55)

s+1

and w1y, Y1, are determined by (3.19) and (3.22) with (po, wo) replaced by
(P0,n,m> Wo,n,m). By Lemmas 3.2 and 3.3,

‘ OQn,m

or (R)‘S(nC 1

ISV EAPEST

“wO’n1m||L2. (56)

Using the equations for wq,, and 1, we find that, as s+1 — 0, (s+1)Qn.m
will satisfy a homogeneous elliptic system, and therefore

lim (s +1)Qpm(r,s) =0,

s——1
so that s = —1 is not a pole for @, ,,,. Thus

‘8Qn,m( )‘ C 1
or T (n+1D)Y2s|+1

HwO’n,m”LL (57)

Using Lemma 5.2 it follows that if p < p then M, ,(s) is holomorphic
in Re s > —4 for some § > 0, and § is independent of n, by Lemma 4.11.
Furthermore, using the form of h,(s), and the representation of @, (),
and (5.6) it is easily seen that
Co 1

0(7) if Res>—0, |s|—o00.  (5.8)

Mnm(s) = 5 |s|3/2

Hence, by Lemma 5.1 we deduce that the inverse Laplace transform

1 —d81+i00
P (t) / My (s)eds (5.9)

B % —(51—i00
exists for any 0 < d; < 6, and by Lemmas 5.1 and 5.2,

c (2
|pn,m (t)] < C<|Po,n,m| + m”wo,n,m\\m)@ P,
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We now introduce the solution (w,q) to (3.2)—(3.5) with p(0,¢,t) =
Pn,m () Yn.m (6, ). It remains to prove that p(6, ¢,t) satisfies the equation
(3.6). The solution of (3.2)—(3.5) has the form

w(r,0,0,t) = W (r,1)Yn,m (0, ¢),
q(r,0,¢,t) = qnn(r,1)Ynm (6, ¢),

Note that wy, ,, satisfies the equation

9
ot
Multiplying both sides by wy, m + Apn,m and integrating over B, we obtain

nn+1
Wh,m — AWy m + (% + 1)wn,m =0.

)6—6(n2+1)t7

l[wn,m (- Ol L2 () < C(1+n2)(\po,n,m|+ 75 [wo.nml L2

SR
(n+1)
and then, from the equation for g, ,,,, we obtain

)675(n2+1)t'

lgn,m (- D)l 2(Br) < C(1+n2)(|ﬂo,n,m\ + 173 1w0n,mll 2

C
(n+1)
This allows us to take the Laplace transform in (3.2), (3.4) for Re s > —4
and, as in §2, we arrive at the formula (3.24) with p,, ,,, replaced by M, ,,,(s).

On the other hand, the Laplace transform of dp(0,¢,t)/dt — p(1l —
a)p(0,p,t) is equal to

[Sﬁn,m(s) — Po,n,m — (1 — a)ﬁn,m(s)]ynﬂ’n(e; )

— LR2Py(R) [Mn,m(s) (MR%MR)
1-3) 1
_R2PO(R)) ~ uR%Py(R) pO,n,m:| Yom(0, )
= PR Py (R) [ My (5){ () = Pa(RV5 1)
n n(n+1) 1
~ uR5Py(R) ( 2 1)} T LRZPy(R)Om Yom (0, #)
(using (3.27): I*gPO(U}%) — Pi(R)).

In view of (3.24) (with p,, », replaced by M, (s)) and (3.25), the right-hand
side is equal to

aan,m s dQn,m
= (1 PR ohha(5) - FG - |
_pO,n,m:| Yn,m(oa 90)
az]\n m(r’ S)
= Yn m 03
or r=R ( ‘P)
56.7(7”7 97 2 3)

'r:R.

or
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Thus the Laplace transform of dp(r, 0, ¢, t)/dt — u(a—a)p(r, 0, ¢, t) is equal
to the Laplace transform of —9q(R, 6, p,t)/0r, and therefore (3.6) is satis-
fied. 0

Consider next the case n = 1.

Theorem 5.4 If < pui(R), then for the solution p(0,p,t) =
P1,m(®)Y1,m(0,¢) (m=—1,0,1) of (5.2)(3.6) with initial condition

p(ev 2 0) = poyl,myl,m(07 90) (pO,l,m COTLStaTLt) (5 10)
w(r,0,¢,0) = wo,1,m(r)Y1,m(0, ¢), '

there exists a constant a,,, determined uniquely by the initial data po1,m
and wo 1,m (1), such that

prm(®) = aml < C(Ipo.1ml + [woamliz)e™™  fort >0, (5.11)

Proof. In this case hi(s, 4, R) has one simple zero at s = 0, and all the
rest of the zeros are real and negative.

Define M, be defined as in (5.4)—(5.5) with n = 1. As in the Theo-
rem 5.3,

1 1+i00 .
() = — My (s)etd 5.12
P =5 [ Mietas (512
is well defined. The same argument shows that (3.2)—(3.5) define the corre-
sponding w1 ,,, and ¢1 ,,, and (3.6) will be satisfied for p1 ., (£)Y1 (0, @).

It remains to establish the asymptotic estimate (5.11). Clearly, we can
rewrite (5.12) as

1 —0d1+1i0c0
p1.m(t) —/ M (s)e® ds + Res {Mj ,(s)e™; s =0} (5.13)

271-2 76171;00

Since hq (s, i1, R) has a simple zero at s = 0,

(ponn+ )]
pR?Po(R)(ON(0, p, R)/0s)

am = Res { M (s)e®’; s =0} =

Kpo,n,m + %(R))L:O
T 1+ uRP(R)P/(R)/2

where the denominator is positive since p < 11 (R). We can now proceed to
complete the proof as in Theorem 5.3. |

Set
112 (R) = min(uy (R), 13(R)).
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Theorem 5.5 If i < p.(R), and wy € L*(BR), po € L>(0BRr). Then there
exist constants a,, (m = —1,0,1) and 6 > 0 such that

1

’p(aa(pﬂt)* Z anLYlﬂn

m=—1

<Ce™ % for0<ty<t<oo. (5.14)

Furthermore, the solutions belong to C*° fort > 0.
Proof. Write

= Z Z p07n,mYn,m(97 @)7

n=0 m
T 97<P ZZwOnm n7m(€7@);
n=0 m

then the assumptions imply

o0
S loomml® = llpoll3e < oo, (5.15)

n=0 m

[eS)

D llwonmlliz = lwollfz(py < oo (5.16)
n=0 m

By Theorems 5.3 and 5.4, we can form a series solution

n=0 m
w(r,0,p,t) Zanmrt Y m (0, 9);
n=0 m

the estimates (5.3), (5.11), (5.15) and (5.16) imply that the last two series
above are convergent in L?(Bg).
Clearly, for any positive integer k and any ¢ > tg > 0,

oo 1
Yo S A+ nmOP + Y prm(t) — aml?

n=0,n#1 m 1
3 2
<3S ) 1o (B + 100,03y Je 2D
n=0 m
< 0672&7

where the constant C' depends on ¢y, and k. This means that p(-,-,t) €
H**1/2(9BpR). Since k is arbitrary, we have, by embedding, p € C*(9BRg)
and (5.14) holds. We can similarly derive that w and ¢ is C*° in (6, ¢). But
then the elliptic and parabolic regularity imply that the solution is also C'*°
in r and in ¢ for ¢ > 0. 0
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Remark 5.1 The domain given by r < R + 5Em—71 amY1,m(0,¢) is not
a sphere. But it is a sphere up to order O(|e|?) after a translation of the
origin of order O(Jel).

Having proved asymptotic stability in case p < min(ug(R), u5(R)), we
next prove asymptotic instability in case p > min(ug(R), ps(R)).

Theorem 5.6 For any p > ul (n = 0,2,3--+), (or p > p(R) if n=1)
there exist initial conditions of the type

p(gv Soﬂ 0) = pO,n7mYn,m(97 SD) (pO,n,m ConSta’nt) (5 17)
’U}(’r‘, 03 ©s 0) = wo,n,M(T)Ynym(e’ SD) .

such that, for the corresponding solutions of (3.2)—(3.7), p(0,¢,t) — oo
exponentially fast for a sequence of points t = t,, — oo.

Proof. One can verify that

p(ta 0, 90) = eatYn m(07 gp),
w(r,0,¢,t) = e u(r)Ynm(0, ¢),
q(r,0,¢,t) = e q(r)Yn,m(0, ¢),

is a solution of (3.2)—(3.6) (with Au — [n(n+ 1)/r? + a + 1Ju = 0 in Bg,
u=—\on dBg, Aq—[n(n+1)/r?l¢ = —pu in Bg, ¢ = [n(n+1)/2—1]/R?
on dBg) if and only if hy(a) = 0. If u > p¥ (p > py if n=1) and the zero
ag of hy,(s) is real and positive, then, for the corresponding solution of (3.2)—
(3.6), p — oo exponentially fast. If a3 and o are complex numbers with
a1 = b+ i, then there are two linearly independent real-valued solutions
with
p = (" cosyt) Yy m and p = (" sin 1) Yy m,

and for each of them p(t) — oo for a sequence ¢, — . 0

6. Comparison of pf with pj

The stability considered in this paper is different from the stability con-
sidered in [5]. In the case n = 0, we restrict ourselves to radially symmetric
perturbations and this automatically implies that the limit spherical solu-
tion is centered at origin. On the other hand [5] deals with general pertur-
bations, so that the center of the limit sphere may shift, as in (1.10). It is
therefore be interesting to compare pf with p3.

Theorem 6.1 There holds:

uo(R) < ps(R)  for R small,
uo(R) > p5(R) - for R large.

— =
o o
o~
= =
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From (4.36) and the asymptotic formula (2.9), we easily compute that
1
p5(R) = pa(R) = 51%*2[1 +O(R™)] as R — oo. (6.3)

For R < R3, ps(R) is given by solving (4.12) and (4.13). From (4.12),
we have

4

: 1
(R (R) Py(R) = Re Po(RVit +1) < PA(0) = .

It follows that
lim %&f wi(R)R® > 20/ Py(0) = 60. (6.4)

Lemma 6.2 There holds:
ui(R) < CR™, (6.5)
for all R sufficiently small.

Proof. Recall that pf(R) is determined by solving the equations (4.12),
(4.13)

Pi(R)= Re Py(RVir+1), 7>0, (6.6)
R =™ Po(RViT + 1), (6.7)
Since
Re Py(RVit+1)— Pi(R) > Py(0) — Pi(R) — |Po(RViT + 1) — Py(0)]
>3-z - CIRViT+1,

where C is a constant independent of R and 7, it follows that if (R, )
satisfies (6.6), then
RA(r2 +1)V2 > ¢, (6.8)

for some positive ¢y independent of R and 7. This implies that 7 — oo as
R — 0 and then, again, by (6.8),

R*1 > ¢, (6.9)

with another positive constant cg. Since the function coth(R+/iT + 1) is
uniformly bounded, and

i B coth(Rv/iT + 1) 1
RePy(RViT+1) = ’Re(c NCES 7R2(i7'+1)>’
0

< ———.
= R(rZ+ 1)1/

(6.10)
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Since P;(R) is monotone decreasing in R,

P (R) > P(2) >

if R<2.

D=

From this inequality and (6.10) it follows that if
R<2 and R(r*+1)Y* > 6y,

then (6.6) cannot be satisfied.
Thus the solution to (6.6) must satisfy

R < R(F*+1)Y* <60, if R<2. (6.11)

Hence R?7 is bounded from above and below by positive constants inde-
pendent of R and 7. From the (2.19) we then get

2R?7

— Im Py(RViT + 1) _2ZR4 (RZ+ ()22 > Cuy
for some ¢, > 0, so that, by (6.7)
R%Py(R)ug(R) < 7/ce < (36C2)R™2/c., (6.12)

where the last inequality follows from (6.11). We thus obtain the inequality
(6.5). a

Lemma 6.3
liminf g (R) > 0. (6.13)

R—oo

Proof. Since coth(Rv/iT + 1) is uniformly bounded. Hence

coth(Rv/iT + 1) 1
— Im Py(RvV
m Py(RVir +1 ( Ryir +1 R2(i7+1)>
1
<
- R(1+7’ )L/4 R2(1+7—2)1/2
Cy

<

for R> 1,

=

where C* is independent of R and 7. Using (6.7), we obtain

R/C*

po(R) > R2Ry(R)’

(6.14)
and this implies (6.13). 0
In the proof of Lemma 6.3 we have not used the relation (6.6).

Proof of Theorem 6.1. Compare the (6.4) with (6.5), and (6.3) with
(6.13). O
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Numerical calculations show that the two curves = p3(R) and p =
ui(R) intersect at a point R ~ 0.62207. Hence

* % * </‘L2( ) 1fR<R;’
u(R)—uo(R)<ﬂ2(R){:M2() ifRy<R<R

pr(R) = p3(R) = p2(R)  if R> R,

R
R
where R3 ~ 0.15876.

Remark 6.1 Consider a dynamical system

T fan

dt

and assume that f(0, ) = 0 for all values of the parameter p. Assume also
that f(x,pu) # 0if @ # 0, u < po, but f(zo,po) = 0 for some xg # 0.
Assume also that all the eigenvalues of the matrix f,(zg,u) for u < pg
have negative real parts and either one or two of the eigenvalues cross the
imaginary axis at g = po. In the first case we have a Liapounov-Schmidt
bifurcation, and in the second case we have a Hopf bifurcation (see, for
example, Weinberger [22]. In our situation, the Liapounov-Schmidt bifur-
cation occurs when R > R* (since the zero with maximal real part among
the hy (s, u«(Rg), Rg) crosses the imaginary axis at s = 0 with n = 2 and
tx(Rs) = pua(Rg)). On the other hand if R < R*, then two distinct con-
jugate zeros cross the imaginary axis at u = p.(Rg), and we expect this
case to be like the typical pitch fork Hopf bifurcation, where each point on
the two bifurcation branches determines a time-periodic solution which is
asymtotically stable; furthermore the spherically symmetric stationary so-
lution is not expected to remain asymptotically stable for p > p.(Rg). Hopf
bifurcation does not manifest itself in the linearized problem which is dealt
with in this paper. But we hope to consider it in our subsequent paper on
the asymptotic stability and instability of the stationary problem for the
system (1.1)—(1.5).
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