
Lecture 3: Evolutionary game 
theory



Frequency dependent selection

• Positive frequency dependence – relative 
fitness of trait increases when more 
common

• Negative frequency-dependence – relative 
fitness of trait decreases when more 
common

• Commonly result from interactions such as 
predator-prey interactions or competition
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• How can we model the evolution of characters 
if selection depends on the expected 
phenotypes of others?

• Game theory

– Models of strategic interactions

– Success of an individual depends on the decisions 
of others



The hawk - dove game

• ‘hawks’ fight for resources

• ‘doves’ avoid fights

• Resources have a value, V > 0

• if hawk meets dove:
– hawk takes all (V)

– dove gets nothing

• if two doves meet:
– share and get V/2

• if two hawks meet:
– fight and pay C, some cost of 

fighting 

– 50% chance of winning, expect to 
get (V - C)/2



• At the population level, relative payoffs to 
hawks and doves are frequency dependent 
assuming random encounters between hawks 
and doves

– Hawks do a lot better when there are few other 
hawks present



The hawk - dove game in ‘normal form’

• ‘hawks’ fight for resources

• ‘doves’ avoid fights

• if hawk meets dove:
– hawk takes all (V)

– dove gets nothing

• if two doves meet:
– share and get V/2

• if two hawks meet:
– fight and pay C, some cost of 

fighting 

– 50% chance of winning, expect to 
get (V - C)/2

Player 2

Player 1

Hawk Dove

Hawk (V-C)/2

(V-C)/2

0

V

Dove V

0

V/2

V/2



Playing dove?

• When encountering a 
dove, playing hawk 
always does better than 
dove

• Always playing dove is 
never the best strategy

• At the population level, 
a population of pure 
doves will be invaded by 
hawk
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The hawk - dove game

• When encountering a 
hawk, is it ever best to 
play hawk?

– Yes, if V > C, then (V-C)/2 > 
0

– The best response to 
playing hawk is to play 
hawk, too!

• At the population level, a 
population of pure hawks 
cannot be invaded by dove 
when V > C

Player 2

Player 1

Hawk Dove

Hawk (V-C)/2

(V-C)/2

0

V

Dove V

0

V/2

V/2



Equilibria & Stability

Nash equilibrium (Nash 1951):

equilibrium solution is a best response to itself

w(i,i)  w(j,i)

Evolutionarily stable equilibrium (Maynard Smith & Price 1973):

Equilibrium solution cannot be invaded by an alternative 
solution

w(i,i) > w(j,i)

or

w(i,i) = w(j,i) and w(i,j) > w(j,j)



Types of ESS

• pure strategy
– everyone always uses one tactic (e.g., tactic i)

• mixed 
– strategy  everyone uses tactic i with probability p, and j with 

probability 1-p

– state  p proportion of the population uses tactic i, 1-p uses j

• conditional strategy
– depends on “state variable” – something that differs among 

individuals and influences payoffs (e.g., competitive ability)

– if state < xbound, use i, if state > xbound, use j

– if state = xbound, payoffs for using i and j equal



The hawk - dove game

• What about if V < C (so then (V-
C)/2 < 0)
– when encountering a hawk, playing 

dove does better than hawk
– when encountering a dove, playing 

hawk does better than dove

• Mixed equilibrium solution 
where the fitness of playing 
hawk and playing dove are 
equal at:

h = v/c

Where h = proportion of hawks
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Replicator dynamics

• Remember, we can define the change in the 
proportion of individuals playing a particular 
strategy, such as hawk, using our replicator 
dynamics equation

• The changes in the proportions of alleles of type i
= 1,…,n (modeled using replicator dynamics) 
represents a system of differential equations
– In the hawk-dove game, there is only a single 

differential equation (proportion of hawks)



• Define the change in the frequency of the hawk tactic:

ℎ = ℎ ∙  𝑤ℎ − 𝐸(𝑤)  

 

where: 

𝐸(𝑤) = ℎ ∙ 𝑤ℎ +  1 − ℎ ∙ 𝑤𝑑  
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Fitness payoffs if encountering hawk
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Three fixed points: 

 

ℎ = 0 when ℎ = 0, ℎ = 1, ℎ =  
𝑣

𝑐
 

ℎ = ℎ 𝑤ℎ − ℎ𝑤ℎ +  1 − ℎ 𝑤𝑑  
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In the hawk-dove game…

ℎ = 𝑓 ℎ  

h* is a stable equilibrium if 𝑓 ′ ℎ∗ < 0 

 

For ℎ∗ = 0, 𝑓 ′ ℎ∗ < 0 when v < 0 

For ℎ∗ = 1, 𝑓 ′ ℎ∗ < 0 when v > c 

For ℎ∗ =
𝑣

𝑐
, 𝑓 ′ ℎ∗ < 0 when v < c 


